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1. Introduction 

The SPDEs driven by Levy noises were intensively studied in the past 
several decades ([24], [3], [25], [28], [7], [5], [22], [21], • • •). The noises can be 
Wiener ([11], [12]) Poisson ([ ]), a-stable types ([27], [33]) and so on. To our 
knowledge, many of these results in these articles are in the frame of Hilbert 
space, and thus one usually needs to assume that the Levy noises are square 
integrable. This assumption rules out a family of important Levy noises - 
a-stable noises. On the other hand, the ergodicity of SPDEs has also been 
intensively studied recently ([12], [18], [30], [33], [15]), most of these known 
results are about the SPDEs driven by Wiener type noises. There exist few 
results on the ergodicity of the SPDEs driven by the jump noises ([33], [24]). 

In this paper, we shall study an interacting spin system driven by white 
symmetric a-stable noises (1 < a < 2). More precisely, our system is 
described by the following infinite dimensional SDEs: for each i £ 

(dXi(t) = [Ji(Xi(t)) + Ii(X(t))]dt + dZi(t) 
\X i (0) = x i 



(1.1 



where X i: Xi G R, {Zf,i E Z d } are a sequence of i.i.d. symmetric a-stable 
processes with 1 < a < 2, and the assumptions for the / and J are spec- 
ified in Assumption 2.2. Equation (1.1) can be considered as a SPDEs in 
some Banach space, we shall study the existence of the dynamics, Markov 
property and the exponential mixing property. When Z{t) is Wiener noise, 
the equation (1.1) has been intensively studied in modeling quantum spin 
systems in the 90s of last century (see e.g. [1], [2], [12], • • • ). Besides this, 
we have the other two motivations to study (1.1) as follows. 



The first motivation is to extend the known existence and ergodic results 
about the interacting system in Chapter 17 of [ ]. In that book, some 
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interacting systems similar to (1.1) were studied under the framework of 
SPDEs ([11], [12]). In order to prove the existence and ergodicity, one needs 
to assume that the noises are square integrable and that the interactions 
are linear and finite range. Comparing with the systems in [24], the white 
a-stable noises in (1.1) are not square integrable, the interactions I{ are 
not linear but Lipschitz and have infinite range. Moreover, we shall not 
work on Hilbert space but on some considerably large subspace IB of M z , 
which seems more natural (see Remark 2.1). The advantage of using this 
subspace is that we can split it into compact balls (under product topology) 
and control some important quantities in these balls (see Proposition 3.1 for 
instance). Besides the techniques in SPDEs, we shall also use those in in- 
teracting particle systems such as finite speed of propagation of information 
property. 

The second motivation is from the work by [35] on interacting unbounded 
spin systems driven by Wiener noise. The system studied there is also simi- 
lar to (1.1), but has two essential differences. [35] studied a gradient system 
perturbed by Wiener noises, it is not hard to show the stochastic systems 
is reversible and admits a unique invariant measure /i. Under the frame- 
work of L 2 (/j,), the generator of the system is self- adjoint and thus we can 
construct dynamics by the spectral decomposition technique. However, the 
deterministic part in (1.1) is not necessarily a gradient type and the noises 
are more general. This means that our system is possibly not reversible, so 
we have to construct the dynamics by some other method. More precisely, 
we shall prove the existence of the dynamics by studying some Galerkin 
approximation, and passing to its limit by the finite speed of propagation 
and some uniform bounds of the approximate dynamics. On the other hand, 
[35] proved the following pointwise ergodicity \Ptf(x) — fi(f)\ < C(/,x)e _mt , 
where P± is the semigroup generated by a reversible generator. The main 
tool for proving this ergodicity is by a logarithmic Sobolev inequality (LSI). 
Unfortunately, the LSI is not available in our setting, however, we can use 
the spirit of Bakry-Emery criterion in LSI to obtain a gradient bounds, 
from which we show the same ergodicity result as in [35]. We remark that 
although such strategy could be in principle applied to models considered 
in [35], unlike the method based on LSI (where only asymptotic mixing is 
relevant), in the present level of technology it can only cover the weak in- 
teraction regime far from the 'critical point'. 

Let us give two concrete examples for our system (1.1). The first one is by 
setting I%{x) = Ylj<=z d a ij x j an d J%{xi) = — (l+e)xi — cxf n+1 with any e > 0, 
c > and n € N for all i £ Z rf , where (cty) is a transition probability of ran- 
dom walk on Z d . If we take c = and Zi(t) = B{(t) in (1.1) with (Bi(t)) ie %d 
i.i.d. standard Brownian motions, then this example is similar to the neutral 
stepping stone model (see [13], or see a more simple introduction in [32]) 
and the interacting diffusions ([16], [19]) in stochastic population dynam- 
ics. We should point out that there are some essential differences between 
these models and this example, but it is interesting to try our method to 
prove the results in [ ]. The second example, which has been introduced 
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in [23] in discrete dynamics, is by setting Li(x) = log{^ jeZ d a^e 2 ^ } and 

Ji(xi) = —(1 + e)xi — cx^ n+1 , where Oij, e and c are the same as in the first 
example. 

The organization of the paper is as follows. Section 2 introduces some 
notations and assumptions which will be used throughout the paper, and 
gives two key estimates. In third and fourth sections, we shall prove the 
main theorems - Theorem 2.3 and Theorem 2.4 respectively. 

Acknowledgements: The first author would like to thank the hospi- 
tality of Mathematics department of Universite Paul Sabatier of Toulouse, 
part of his work was done during visiting Toulouse. 

2. Notations, assumptions, main results and two key estimates 

2.1. Notations, assumptions and main results. We shall first intro- 
duce the definition of symmetric a-stable processes (0 < a < 2), and then 
give more detailed description for the system (1.1). 

Let Z(t) be one dimensional a-stable process (0 < a < 2), as < a < 2, 
it has infinitesimal generator d£ ([ ]) defined by 

!_ r f(y + x ) - f( x ) 

c a Jr\{o} \y\ 

with C a = — JK\{o}( cos y ~~ 1) \ y fi+a ■ As a = 2, its generator is \ A. One can 
also define Z(t) by Poisson point processes or by Fourier transform ([8]). 
The a-stable property means 

(2.2) Z{t)=t l ' a Z{l). 

Note that we have use the symmetric property of in the easy identity 
[d£, d x ] = where [•,•] is the Lie bracket. The white symmetric a-stable 
processes are defined by 

{ z i{t)}iei d 

where {Zi(t)} ieZ d are a sequence of i.i.d. symmetric a-stable process defined 
as the above. 



yd 



We shall study the system (1.1) on B C R defined by 

M = U Br >p 

R>0,p>0 

where for any R, p > 

d 

Br, p = {x = (xi) ieZd ; \xi\ < R(\i\ + l) p } with \i\ = \i k \. 

k=l 

Remark 2.1. The above B is a considerably large subspace of M.^ d . Define 
the subspace /_ p := {x E M. z ; Ylkei d \^\~ p \ x k\ < °°}> it is easy to see that 
l—p C B for all p > 0. Moreover, one can also check that the distributions of 
the white a-stable processes (Zi(t)) ieIi d at any fixed time t are supported on 
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B. From the form of the equation (1.1), one can expect that the distributions 
of the system at any fixed time t is similar to those of white a-stable processes 
but with some (complicated) shifts. Hence, it is natural to study (1.1) on 
B. 

Assumption 2.2 (Assumptions for I and J). The I and J in (1.1) satisfies 
the following conditions: 

(1) For all i G Z d , I; : B — > R is a continuous function under the 
product topology on B such that 

\Ii(x) - h{y)\ < ^2 a ji\ x J ~ Vj\ 
jez d 

where aij > satisfies the conditions: 3 some constants K,K ,^f > 
such that as \i — j\ > K 

(2) For all i G Z, d , J{ : R — > R is a differ entiable function such that 

4-M x ) ^ V x G R; 
dx 

and for some k,k > 

\Ji(x)\ <k'(\x\ k + 1) V 



(3) r] := (sup ieZ d £ ieZ d «y) V(sup iezd £ . gZ<1 ay I < oo, c := inf 

Without loss of generality, we assume that Jj(0) = for all t G Z d and 
that K = 0, K = 1 and 7 = 1 in Assumption 2.2 from now on, i.e. 

(2.3) oy<e~ |i_i l Vi,iGZ rf . 
Without loss of generality, we also assume from now on 

(2.4) Ji(0) = V i G Z d . 



Let us now list some notations to be frequently used in the paper, and 
then give the main results, i.e. Theorems 2.3 and 2.4. 

• Define \i — j\ = J2i<k<d Kfc ~ 3k\ for any i,j G Z d , define |A| the 
cardinality of any given finite set AcZ 1 *. 

• For the national simplicity, we shall write &i := d Xi , dij := d x . x . and 

df :=d%.. It is easy to see that [df ,dj] = for all i,j £Z d . 

• For any finite sublattice A CC Z d , let Cb(R A , R) be the bounded con- 
tinuous function space from R A to R, denote V = UAccz d Cfo(^ A ) ^) 
and 

^ = {/ ^ 2?j / nas bounded 0, • • • , kth order derivatives}. 

• For any / G T>, denote A(/) the localization set of /, i.e. A(/) is the 
smallest set AcZ d such that / G C b (R A ,R). 
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. For any / G C 6 (B,R), define ||/|| = sup x6B For any / G V\ 

define |V/(x)| 2 = £ i6Z d \ d if( x )\ 2 and 

hi/hi = E ii^/ii- 

Theorem 2.3. There exists a Markov semigroup Pf on the space M) 
generated by the system (1.1). 

Theorem 2.4. If c > rj + 5 with any 5 > and c,n defined in (3) of 
Assumption 2.2, then there exists some probability measure \i supported on 
B such that for all iGl, 

lim Pf5 x = weakly. 

t— >oo 

Moreover, for any x£B and f G D 2 , there exists some C = C(A(/), 77, c, x) > 
such that we have 



(2.5) 



/ f(y)dP t *5 x -^f) 



2.2. Two key estimates. In this subsection, we shall give an estimate for 
the operator a and a + 5, where a is defined in Assumption 2.2 and 5 is the 
Krockner's function, and also an estimate for a generalized 1 dimensional 
Ornstein-Uhlenbeck a-stable process governed by (2.8). 



2.2.1. Estimates for a and a + c5. The lemma below will play an important 
role in several places such as proving (3.17). If (aij)jj e z d i s the transition 
probability of a random walk on Z d , then (2.6) with c = gives an estimate 
for the transition probability of the n steps walk. 

Lemma 2.5. Let aij be as in Assumption 2.2 and satisfy (2.3). Define 
[(c5 + a) n ]ij := ^2 (c5 + a) ih ■ ■ ■ (c5 + a) in _ lj 

where c > is some constant and 5 is the Krockner's function, we have 

(2.6) [(cS + a) n ]ij < (c + V ) n £ (2k) nd e~ k 

k>\j-i\ 

Remark 2.6. Without the additional assumption (2.3), one can also have 
the similar estimates as above, for instance, as \i — j\ > K , (a n )ij < 
V n ^2k>\j-i\(Ck) nd exp{— A; 7 / 2 }. The C > is some constant depending on 
K, K' and 7, and will not play any essential roles in the later arguments. 

Proof. Denote the collection of the (n+l)-vortices pathes connecting i and 
3 by Ji^j, i.e. 

7?~j = {(im=i ■ 7(1) = h 7(2) € 7L\ • • • , 7 (n) G Z d , 7 (n + 1) = 
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for any 7 G 7]L/> define its length by 

n 

i 7 i=x;i7(fc+i)-7(fc)i- 
fc=i 

We have 



[(a + c5) n ]ij = ^ (a + <5) 7 (i) )7 ( 2 ) • • • (a + c5) 7 ( n)i7(n+1) 



(2.7) 

< £ (2| T |)**(c + T7) n e-H 
M=|i-il 

where the inequality is obtained by the following observations: 

• mir^g^ |7| > 

• the number of the pathes in 7]^- with length I7I is bounded by 

[(2171)1™ 

• (o+o5) 7 ( 1 ) )7 (2) • • • (a+c5) 7 ( n ) i7 ( n+ i) = ]1 (a+c<5) 7 (fc), 7 (fc+i) x 

{fc; 7 (fc+l)= 7 (A;)} 

II a 7 (fc),7(fc+i) < (c + ??) n e~l 7 l . 

{fc; 7 (fc+l)^ 7 (fc)} 

□ 

2.2.2. id generalized Ornstein-Uhlenbeck a-stable processes. Our general- 
ized a-stable processes satisfies the following SDE 



(2. 



(dX(t) = J(X(t))dt + dZ(t) 
\X(0) = x 



where X(t),x S R, J : 1R — >• M is differentiable function with polynomial 
growth, J(0) = and ^J(x) < 0, and Z(t) is a one dimensional symmet- 
ric a-stable process with 1 < a < 2. One can write J(x) = ^r-x, clearly 

< with the above assumptions (it is natural to define ^jp = j'(0)). 
J(x) = —cx (c > 0) is a special case of the above J, this is the moti- 
vation to call (2.8) the generalized Ornstein-Uhlenbeck a-stable processes. 
The following uniform bound is important for proving (2) of Proposition 3.1. 



Proposition 2.7. Let X(t) be the dynamics governed by (2.8) and denote 

Is X(r) 



£(s,t) = exp{J s * J d r }- If SU P < — £ with any e > 0, then 



(2.9) E, 



t 



£(s, t)dZ s 







< C(a,e) 



where C(a,e) > only depends on a,e. In particular, if J(x) = —ex, X(t) 
is L 1 ergodic, i.e. there exists some random variable £ 6 L 1 (P) ; which is 

independent of x, such that X(t) — > £. 
Proof. From (1) of Proposition 3.1, we have 

(2.10) X(t) =£(0,t)x+ [ £{s,t)dZ(s). 

Jo 
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E 



£(s,t)dZ(s) 



E 



Z(t) 



Z(s)d£(s,t) 



(Z{t) - Z(s))d£(s,t) 



<E\Z(t)£(0,t)\ + E 

By (2.2), the first term on the r.h.s. of the last line is bounded by 
E\Z(t)£{0,t)\ < e- £t E\Z{t)\ < Ce~ e H x l a ^ (t -»• oo). 
As for the second term, one has 



E 



(Z(t)-Z(s)) 



o (i-s)V7 V l 

Z{t) - Z{s)) 



(t-s) 1/7 vil d£(s,t) 



< E { sup 

V0<s<t 



(t - s)V7 V 1 







(t-s) 1 / 7 Vll d£(s,t) 



where 1 < 7 < a. It is easy to see that YZgfjyft is a probability measure on 
[0, t], by Jessen's inequality, we have 
,-t 



\ 1/7 

/ (t-s)\/ld£(s,t) 
Jo 



t \ 1/7 

£(s,t)ds) + t£(0,t) < C(e,7). 



On the other hand, by Doob's martingale inequality and a-stable property 
(2.2), for all N G N, we have 



E sup 

Kt<2 N 



Z(t) 



tV7 



l <t<2* 



< E ^ sup 

1=1 r 

N 
i=l 



Z(t) 



*V7 



N 

i=i 



E sup 2 i 



l <t<2 1 



\z(t)\ 



2(*- 1 )/7 



< 



2 i/c 



2(*- 1 )/7 



<C(a, 7 ). 



Prom the above three inequalities, we immediately have 



E 



(Z(t) - Z(s))d£(s,t) 



< C(a,7,e). 



Collecting all the above estimates, we conclude the proof of (2.9). 

As J(x) = —ex, it is clear that £(0, t)x — > as t — > 0. On the other hand, 
by (2.9), the easy fact that f Q £(s,t)dZ(s) is a submartingale, and the sub- 
martingale convergence theorem, we immediately have that J * £(s, t)dZ(s) 
converges to some random variable £ in L 1 sense as t — >• 00. It is easy to see 
that £ is independent of the initial data x, thus X(t) is L 1 ergodic. □ 



s 
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3. Existence of Infinite Dimensional Interacting o-stable 

Systems 

In order to prove the existence theorem of the equation (1.1), we shall 
first study its Galerkin approximation, and uniformly bound some approx- 
imate quantities. To pass to the Galerkin approximation limit, we need to 
apply a well known estimate in interacting particle systems - finite speed of 
propagation of information property. 

3.1. Galerkin Approximation. Denote T^v := [—N,N] d , which is a cube 
in Z d centered at origin. We approximate the infinite dimensional system 
by 

[dXfit) = [Ji(X^t)) + I?(X N (t))]dt + dZM, 
\xf (0) = xi, 

for all i G Tn, where x N = (xi)i G r N and I^(x ) = Ii(x ,0). It is easy to 
see that (3.1) can be written in the following vector form 

(dX N (t) = [J N (X N {t)) + I N (X N {t))]dt + dZ N (t), 
\X N (0)=x N 



(3.1) 



(3.2) 



The infinitesimal generator of (3.2) ([4], [33]) is 
ier N ier N 

it is easy to see that 

(3.3) [d k ,C N ] = {d k J k (x%)) d k + £ {d k lf{x N )) di. 

ier N 

The following proposition is important for proving the main theorems. 
(3) is the key estimates for obtaining the limiting semigroup of (1.1), while 
(2) plays the crucial role in proving the ergodicity. 

Proposition 3.1. LetIi,Ji satisfy Assumption 2.2, together with (2.3) and 

(2.4) , then 

(1) (3.2) has a unique mild solution X (t) in the sense that for each 
i G T N , 

Xi(t) = £i{0,t)xi + I £i{s : t)I?{X N {s))ds+ I ' £i(8,t)dZi(s), 
Jo Jo 

where £(s,t) = exp{^ U ^^ ] dr} with ^1 := j£( ). 

(2) For all x G B^ p , if c > rj with c,rj defined in (3) of Assumption 2.2, 
we have 

E x [\Xf(t)\] < C(p,R,d,r],c)(l + 

(3) For all x G Br, p , we have 

E x [|Xf(i)[]<C'(p,fl J d)(l + |in(l + t)ef 1+, ') t . 

(4) For any f G C% {R Vn , R) , define P t N f{x) = E x [f(X N (t))}, we have 

p t N f(x)ecZ(m. r ",R). 
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Proof. To show (1), we first formally write down the mild solution as in (1), 
then apply the classical Picard iteration ([9], Section 5.3). We can also prove 
(1) by the method as in the appendix. 

For the notational simplicity, we shall drop the index N of the quantities 
if no confusions arise. By (1), we have 



(3.4) Xi(t) = Si(0,t)xi+ / £ i {s,t)I i {X N (s))ds+ / £ t (s,t)dZi{s). 

Jo Jo 

By (1) of Assumption 2.2 (w.l.o.g. we assume Ii(0) = for all i), 
\Xi(t)\ < 5 Ji (N + J Q £j(s,t)dZ j (s) ^ 



(3.5) 



+ f e - c (*- s ) V a^Xjis^ds. 

We shall iterate the the above inequality in two ways, i.e. the following Way 
1 and Way 2, which are the methods to show (2) and (3) respectively. The 
first way is under the condition c > rj, which is crucial for obtaining a upper 
bound of E[Jfj(i)| uniformly for t £ [0, oo), while the second one is without 
any restriction, i.e. c > 0, but one has to pay a price of an exponential 
growth in t. 

Way 1: The case of c > rj. By the definition of c, rj in (3) of Assumption 2.2, 

(3.5) and Proposition 2.7, 

(3. 6 ) E\Xi(t)\ < £ Sjidxjl + C(c)) + I e- c (*-'> E a^X^ds. 

j<=z d jez d 

Iterating (3.6) once, one has 

nxi{t)\ < e sdfal + °( c )) + E if(N + c ^ 

j& d j€Z d 

(3.7) rt 



+ [ e -< l - s) f e~< s ~ r ) V (a 2 ) jiE | Xj(r) | drds, 

JO JO T~Za 



where C(c) > is some constant only depending on c and a (but we omit a 
since it does not play any crucial role here). Iterating (3.6) infinitely many 
times, we have 

M 

E\xm <E^E KMN + c( c )) + R M 

(3.8) 



c n J 1 — n/c 

n=0 j e z d " 



where i?M is an M-tuple integral (see the double integral in (3.7)) and 
lim^-i-oo Rm = 0. To estimate the double summation in the last line, we 
split the sum 'X)jez d ' ' ' ' * wo pi eces > an d control them by (2.6) and 
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respectively. More precisely, let A(i, n) C Z d be a cube centered at i such 
that dist(i, A c (i,n)) = n 2 (up to some O(l) correction), one has 

( 3 - 9 ) E^E^N = Eir( E + E 

™=1 j€Z d n=l \jeA(i,n) j£A c (i,n)J 

Since x € -Br, p , we have by (2.6) with c = therein 
(3.10) 

oo . 

E^ E (O^-i 



c" 

n=0 jeA c (i,n) 



oo 1 

^E^ E (Oii(iii p +i) 



c" 

n=0 jeA c (i,n) 



oo 

<«E7 E (o n )ii(li-i[ p + [i[ p + l) 



c 

n=0 jgA c (i,n) 
oo n 

^W^E^ E E (2^-3*6-3* + 
n=0 j£A c (i,n) fc>|j— i| 



^ W/°)E^ EW e " |fc E e-ii^i(ii-ir+i^+i) 

n=l k>n 2 

< C(p,R,d)(l + \i\P) 



c" 

n=l k>n 2 jeA c (i,n) 



where the last inequality is by the fact J2k>n 2 ( 2k ) nde ~^ k ^ £fc>i e~l k+ndio ^ < 

oo and the fact EjeA^n) ~ A p < E je z* ~ A" < oo. For 

the other piece, one has 



(3.11) 



E^r E (Oiita-i 

n=0 jt=A(i,n) 
oo 1 

<C{R,p)Y^^ E {a n h(\j-i\ p +W + l) 

n=0 jeA(i,n) 
oo n 

<C(R,p)J2^m,n)\{n 2 <>+\i\» + l) 

n=0 C 

oo n 

<C{p,R)Y J \n 2d (n 2 P + \i\» + l) 



c" 

n=0 

<C(R,p,r,,c)(l + \i\P). 

Collecting (3.8), (3.10) and (3.11), we immediately obtain (2). 

Way 2: The general case of c > 0. By the integration by parts, Doob's mar- 
tingale inequality and the easy relation d£j(s,t) = £j(s,t)[—Lj(X(s))]ds 
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E 



where Lj(x) = , we have 
t 



o 



(3.12) 



£j(s, t)dZj(s 
ft 

< K\Zj(t)\+E 

< Ct 1/a + E 



£ j (s,t)L j (X(s))Z j (s)ds 



sup \Zj(s) 

0<s<t 

< Ct 1/Q + E sup \Zj(s)\ 

0<s<t 



£ j {s,t){-L j (X{s)))ds 



< Ct 1/a . 
By (3.5) and (3.12), one has 

i f* 

(3.13) E\X i (t)\<J2 S d\ x A + Ct ")+ ( 6 + a) ji E l \X j {s)\ds 

j&L d jez d 

Iterating the above inequality infinitely many times, 

(3.14) < - E tt 6 + a ) n ^ w + Ce(1+,)ti5 . 



n! 

n=0 jgz 1 ' 

By estimating the double summation in the last line by the same method 
as in Way 1, we finally obtain (3). 

(4) immediately follows from Proposition 5.6.10 and Corollary 5.6.11 in 
[9]. ' □ 

3.2. Finite speed of propagation of information property. The fol- 
lowing relation (3.17) is usually called finite speed of propagation of infor- 
mation property ([ ]), which roughly means that the effects of the initial 
condition (i.e. / in our case) need a long time to be propagated (by in- 
teractions) far away. The main reason for this phenomenon is that the 
interactions are finite range or sufficiently weak at long range. 

From the view point of PDEs, (3.17) implies equicontinuity of P/ v /(x) 
under product topology on any -B Pi _r, combining this with the fact that 
f{x) are uniformly bounded, we can find some subsequence P^ k f(x) 
uniformly converge to a limit Ptf(x) on B p ^ by Ascoli-Arzela Theorem 
(notice that B Pi r is compact under product topology). This is also another 
motivation of establishing the estimates (3.17). 

Lemma 3.2. 

1. For any f E T> 2 , we have 

(3.15) ]T \\d k P t N f\\ 2 <e 

kez d 

and 



2;/t 



(3.16) 



<C(/,t)|||/|||. 
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where C(J, t) > 0, depending on the interaction I and t, is an increasing 
function oft. 

2. (Finite speed of propagation of information property) Given any f € T> 2 
and k £ A(/), for any < A < 1/4, there exists some B > 8 such that when 
n k > Bt, we have 



(3.17) ||a fc p f JV /|| 2 <2 e - A *-^|||/ 



where n k = [y / dist(k, A(/))]. 

Proof. For the notational simplicity, we shall drop the parameter N of 

in the proof. By the fact lim^o+ PtF t~ F — lim-t— >o+ — ~> one nas 
C N F 2 -2FC N F > 0. Hence, for any / £ V 2 , by (3.3) and the fact d k J k < 0, 
we have the following calculation 



-^p t - s (d k p s f) 2 = -p t _ s [c N (d k p s ff - 2{d k p s f)d k {c N p s f)] 

= -p t - s [c N (d k p s ff - 2{d k p s f)c N (d k p s f)} 

+ 2P t „ s ((d k p s f)[d k ,c N ]p s f) 
<2P t ^ s ((d k p s f)[d k ,c N ]p s f) 



(3.18) 



= 2P t „ s (d k P s f) (d k Ii)diP s f 

+ 2P t ^ s ((d k p s f)(d k j k )d k pj) 
< 2P t _ s (d k p s f) Y, Wi)diP B f 

\ ier N 



Moreover, by the above inequality, Assumption 2.2, and the inequality of 
arithmetic and geometric means in order, 



\d k P t f? < \\d k f\\ 2 + 2 f? t _ s \8 k P s f \ T \dkIil\diPJ\ ) ds 

< \\dkf\\ 2 + i] f P t -s(\d k P s f\ 2 )ds+ f P t _ s f V a ki \d t P s f\ 2 ) ds 
Jo Jo \ier N J 

< \\d k f\\ 2 + f Pt- S y> fci + 7 / <5 fci )|d i p s /| 2 1 ds - 
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where rj is defined in (3) of Assumption 2.2. Iterating the above inequality, 
we have 

\d k P t f\ 2 <\\d k f\\ 2 + tY,(a kl + vSk l )\\d l f\\ 2 

iez d 

+ / P t _ Sl r P S1 - S2 y j [(a + vS) 2 }ki\d l P S2 f\ 2 ds 2 ds 1 

< < E ^ E K a + vS) n ]ki\\dif\\ 2 + Re(N) 
where Re(N) — > as N — > oo. Hence, 

(3.i9) \\d k p t j\\ 2 <Y^-^[(a+vnmf\\ 2 - 

Summing k over Z rf in the above inequality, one has 

E ii<wii 2 < EE^E[( a +^) n ^ii^n 2 

fcez d kez d n=o ' i£z d 



<E^ su pEi( a +^)"^E^ 

n=0 ' 1 k& d i£Z d 

^Ellft/ll 2 ^ 1 



As for (3.16), one can also easily obtain from (3.19) that Y,k&z d ||9/ C P < /|| < 

cr ( J »*)VEiez«' H 5 fc/H 2 ^ 1 1 l/l 1 1 and that C CM) > is an increasing 

function related to t. 

In order to prove 2, one needs to estimate the double sum of (3.19) in a 
more delicate way. We shall split the sum 'Y^Lo' two pieces '^n=o' 
and 'X]^Ln fc ' w ith n k = [y dist(k, A(/))], and control them by (2.6) and 
some basic calculation respectively. More precisely, for the piece '^n=o'> 



(2.6) and the definition of n k = [y 7 dist(k, A(/))], we have 

E^EK"+^rwi^/ii 2 

n=0 ' i(zz d 

^E^i E E (2r/)"2^(i + A(/))^e-i||a i /|| 2 
n=o n ' ieA(/)i>|fc-i] 

< e *E E expl^log^^O' + Ara-^-iL-ill^/lp 

ieA(f) j>\k-i\ 1 J 

<C(d,A(/),7 ? )e t £ E e ""ll^H 2 
ieA(f)j>nl 

<C(d,A(/),7 7 )e*e-^|||/||| 2 . 
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For the other piece, it is easy to see 
fti 

E ^EK«+^r]* 

n>n k 



z — ' n! nt! 

n>n k i€A(f) 



Combining (3.19) and the above two estimates, we immediately have 
For any A > 0, choosing B > 1 such that 



||5 fc Pi/|| 2 <{C7e*e-^ fc + _ e 2^ 



2r? 

2 - log B + log(2r ? ) + -L < -2A, 
B 



as n > Bt, one has 



t n (2ri) n 9n . , , 2r7 , , n . 

V , e 2??f < exp{nlog -f + 2n + (2r?)-} 
n! B B 

< exp{-2An} < exp{-^4n - At}. 

Now take < A < 1/4, B > 8 and n as the above, we can easily check that 

e l e~^ n2 < e"3 nS e -\ nBt+t < e " A?1 ~ A '. 

Replacing n by nj., we conclude the proof of (3.17). □ 

3.3. Proof of Theorem 2.3. As mentioned in the previous subsection, 
by (3.17) and the fact that P t N f(x) are uniformly bounded, we can find 
some subsequence P^ k f(x) uniformly converges to a limit Ptf(x) on B p ^ 
by Ascoli-Arzela Theorem. However, this method cannot give more detailed 
description of Pt such as Markov property. Hence, we need to analyze P^ f 
in a more delicate way. 

Proof of Theorem 2.3. We shall prove the theorem by the following two 
steps: 

(1) Ptfix) : = lim P/ v f(x) exists pointwisely on x 6 B for any / £ £> 2 

N— >oo 

and t > 0. 

(2) Extending the domain of Pt to <S(,(B) and proving that Pf is Markov 
on B b (M). 

Step 1: To prove (1), it suffices to show that {P t N f(x)}w is a cauchy se- 
quence for x € Bji p with any fixed P and p. 

Given any M > N such that D Tjv D A(/), we have by a similar 
calculus as in (3.18) 

l.pM s (pM f _ P X f f 



-P 1 



£ M (P s M / - Pf/f - 2 (Pf / - PjV) (Pf / - Pf/) 
+ 2P/i s [(Pf / - P»f) (C M - C N )P s N f] 
< 2P t M s [(P s M f - P s N f) (Cm - £ N )P s N f] , 
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moreover, by the facts A(i-*j v /) = Tn, Tm D and A(J&) = fc, 

(c M -c N )p s N f= y: {i™{* M )-i?(x N ))diP?f. 

ier N 

Therefore, by Markov property of P t , the following easy fact (by funda- 
mental theorem of calculus, definition of I M , and (1) of Assumption 2.2) 



I M {x M )-I N (x N )\< £ 

jer M \riv 



the assumption (2.3) (i.e. a^- < e and (3) of Proposition 3.1 in order, 

we have for any x € -Br, p , 

(P t M f(x)-P t N f(x)) 2 



ajilxjlWdtPffW | (x)ds 

- N 



<2\\f\\ 00 f t p t M s [Y: e 

<2||/||oo £ E j\ x [\Xf (t-s)\]\\diP"f\\ds 



(3.20) 

< 2||/||oc 

ier N jev M \r N 



<C(*,p,i2,d)]|/|[oo E E e~ l<_ %l p + l) fwdiP^fWds. 



ierjv jer M \r 



Now let us estimate the double sum in the last line of (3.20), the idea 
is to split the first sum 'X^ery' ^ wo pi eces 'YlieA an< ^ 'X^r N \A'» an( ^ 
control them by e - '* - - 7 ' and (3.17) respectively. More precisely, take a cube 
A D A(/) (to be determined later) inside Tjv, we have by (3.16) 

E E ^-%7 + l) f\\d t P?f\\ds 

^ 2 "E E e-l^l(|i-^ + |^ + l) fwdilffWds 
ieAjer M \r N Jo 

<2<> r^ll^Pf/H^ ^ J] e- fe (F + |A|" + l) 

«eA fc>dist(A,r M \rjv) j:|i-i|=fc 

< 2"tC(/,t)EH a ^H E (|A| + A:) d e - fc (F+|Ar + l) 

i& d k>dist(A,r M \r N ) 

< e 



for arbitrary e > as long as Tn,Tm (which depend on A, the interaction 
/, t) are both sufficiently large. 
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For the piece 7 J2r N \A' one nas by (3-17) 

E E <n*-%r+i) f*-mp?f\\d8 

^ 2 " e ' E E e-l i -- J 'l(|i-t|" + |i|" + l) e- As - An *ds 
ier N \Ajer M \r N Jo 

<c(t, P ,A) e (i+Kr)e - ^ st(i ' A(/))]1/2 

ieI>\A 

< e 

as we choose A big enough so that dist(TN \ A, A(/)) is sufficiently large. 
Combing all the above, we immediately conclude step 1. We denote 

P t f(x) = Jim P t N f(x). 

Step 2: Proving that Pt is a Markov semigroup on B&(B). We first extend 
Pt to be an operator on Z?&(B), then prove this new P t satisfies semigroup 
and Markov property. 

It is easy to see from step 1, for any fixed x G B, Pt is a linear functional 
on P 2 . Since B is locally compact (under product topology), by Riesz rep- 
resentation theorem for linear functional ([14], pp 223), we have a Radon 
measure on B, denoted by P*5 X , so that 

(3.21) P t f{x) = P*8 x {f). 

By (3) of Proposition 3.1, take any x G B, it is clear that the approximate 
process X N (t,x N ) G B a.s. for all t > 0. Hence, for all N > 0, we have 

P t 7V (l B )(x) = EflBp^,^))] = 1 V x € B. 

Let A r — >• oo, by step 1 (noticing 1b € V 2 ), we have for all x G B 

filB(x) = 1, 

which immediately implies that Pf5 x is a probability measure supported on 
B. With the measure P^5 X , one can easily extend the operator Pt from T> 
to £>b(B) by bounded convergence theorem since T> 2 is dense in i3&(B) under 
product topology. 

Now we prove the semigroup property of Pt, by bounded convergence 
theorem and the dense property of V 2 in B&(B), it suffices to prove this 
property on T> 2 . More precisely, for any / G T> 2 , we shall prove that for all 

x G B 

(3.22) P t2+t J(x) = P t2 P t J(x). 

To this end, it suffices to show (3.22) for all x G -Br ij0 . 

On the one hand, from the first step, one has 

(3.23) lim P» +tl f(x) = P t2+tl f(x) VxeB R>p . 



EXISTENCE AND EXPONENTIAL MIXING 17 

On the other hand, we have 

i^ 2 ^/(x) - pgpgm\ < \p t2 p t j(x) - p t2 p t N j(x)\ 

+ KPgfix) - Pt 2 P t N J{x)\ + \P t fP£f(x) - 

with M > A~ to be determined later according to N. It is easy to have by 
step 1 and bounded convergence theorem 

(3.25) \Pt 2 PtJ(x) - Pt 2 P t N J{x)\ = \P t *M P tJ ~ P"f)\ -> 

as N — > oo. Moreover, by the first step, one has 
(3-26) \P t fP»f(x)-P t2 P»f(x)\<e 

for arbitrary e > as long as M € N (depending on Ajv) is sufficiently large. 
As for the last term on the r.h.s. of (3.24), by the same arguments as in 
(3.20) and those immediately after (3.20), we have 

(3.27) 

<c(t aj t 2jP) ii,d)ii/i| 00 x; E e-i^br+i) P mpg+jwds 

< e 

for arbitrary e > if Tm and Tn are both sufficiently large. 

Collecting (3.24)-(3.27), we have 

lim PgP»f(x)=P ta P t J(x), 
iV— yoo 

which, with (3.23) and the fact Pg +tl = PgPg, implies (3.22) for x £ B R 



Since PtiX) = 1 an d Pt(f) — f° r an y / > 0, p is a Markov semigroup 
([17]). ' ^ □ 

4. Proof of Ergodicity Result 

The main ingredient of the proof follows the spirit of Bakry-Emery cri- 
terion for logarithmic Sobolev inequality ([6], [17]). In [6], the authors first 
studied the logarithmic Sobolev inequalities of some diffusion generator by 
differentiating its first order square field Ti(-) (see the definition of Ti and 
T2 in chapter 4 of [17]) and obtained the following relations 

(4.1) ^PtsT^PJ) < -cP t ^ s T 2 (P s f) 

where Pt is the semigroup generated by the diffusion generator, and I^-) 
is the second order square field. If I^-) > CTi(-), then one can obtain 
logarithmic Sobolev inequality. The relation I^-) > CTi(-) is called Bakry- 
Emery criterion. 

In our case, one can also compute Ti(-),r2(-) of P t N , which have the 
similar relation as (4.1). It is interesting to apply this relation to prove 
some regularity of the semigroup P^ , but seems hard to obtain the gradient 
bounds by it. Alternatively, we replace Ti(f) by |V/| 2 , which is actually not 
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the first order square field of our case but the one of the diffusion generators, 
and differentiate Pt- s \V P s f\ 2 ■ We shall see that the following relation (4.4) 
plays the same role as the Bakry-Emery criterion. 

Lemma 4.1. If c>n + 5 with any 5 > and c,r] defined in (3) of Assump- 
tion 2.2, we have 

(4.2) iVPf/f < e- 25t P t N |V/| 2 V / G V 2 

Proof. For the notational simplicity, we drop the index N of the quantities. 
By a similar calculus as in (3.18), we have 

^P_ S |VP S /| 2 = -P t - S (C N \VP s f\ 2 - 2 Vi^/ • C N VP s f) 

+ 2P t _ s (VP s f-[V,£ N ]P s f) 
<2P t _ s (VP s f-[V,C N ]P s f) 

!L>) =2P t _J Yl djli^diPsfdjPsf 



N 



\ier N 

where '-'is the inner product of vectors in MF N . Denote the quadratic form 
by 

(>iCO Y, [diMxJSij + djliix)]^ VCel r *, 
i,jer N 

it is easy to see by the assumption that 

(4.4) -Q(a,o>m 2 - 

This, combining with (4.3), immediately implies 

(4.5) ^P_ S |VP S /| 2 < -2dP t - s (|VP S /| 2 ) , 

from which we conclude the proof. □ 



Let us now combining Lemma 4.1 and the finite speed of propagation of 
information property (3.17) to prove the ergodic result. 

Proof of Theorem 2.4. We split the proof into the following three steps: 
Step 1: For all / € V 2 , lim P*/(0) = £(f) where £(f) is some constant de- 

t— >oo 

pending on /. 

For any Vt2 > t\ > 0, we have by triangle inequality 

|P 2 /(0) - P tl /(0)| < |P t2 /(0) - P£/(0)| + |</(0) - P^/(0)| 
+ |P ta /(0)-</(0)|. 
By Theorem 2.3, there exists some N(ti,t2) € N such that as N > N(t\,t2) 
(4.6) |P 2 /(0) - </(0)| + |P tl /(0) - P» /(0)| < e 



S/vAj 
2 ' 
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Next, we show that for all iV£N, 
(4.7) \Pgf(P)-Pgf{0)\ < C(A,5,A(f))e 



By the semigroup property of P t and fundamental theorem of calculus, 
one has 

(4.8) 

K/(0) - </(0)| = |E [P t N 1 f(X N (t 2 - h)) - </(0)] | 



En 



N i 



dX 



< f 1 [\a i i^f(xx N (t 2 -t 1 ))\\xi f (t 2 -t 1 )\] dx. 



To estimate the sum 'X) ier ' m ^ ne ^ as ^ nne ' we s P n * ^ * wo pi eces 
'X^ga' ana - 'SiGrjv\A'» ana - control them by Lemma 4.1 and the finite speed 
of propagation of information property in Lemma 3.2. Let us show the more 
details as follows. 

Take < A < 1/4, and let B = B(A,r/) > 8 be chosen as in Lemma 3.2. 
We choose a cube A D A(/) inside T N so that dist(A c , A(/)) = B 2 t\ (up 
to some order O(l) correction). On the one hand, by (4.2), we clearly have 
\\diP t f\\ < e- st \\\f\\\ for all i G F N . Therefore, by (2) of Proposition 3.1, 



(4.9) 



^E [\d l P t ^f(XX N (t 2 - h))\\X»(t 2 - 
ieA 

<^||^P t f/||E [\X?(t 2 - tl )\] 



ieA 



<C^2e-^\\\f\\\(l + \in 

ieA 



As for the piece 'Ylier N \A^ ^ ^ s c ^ ear to see rn = sj dist(i, A(/)) > Bt\ 
for i £ r^v \ A, by Lemma 3.2 and (2) of Proposition 3.1, one has 



(4.10) 



£ E [\d l P t N 1 f(XX N (t 2 - h))\\X t N (t 2 - 
ier N \A 

< £ ll^/HEoOxf^-^l] 
i6rjv\A 



< 



o E < 

i£riv\A 



'1 + M 
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Since G Br p with any R, p > 0, we take p = 1 and R = 1 in the previous 
inequalities. Combining (4.8), (4.9) and (4.10), we immediately have 

(4.11) 

K/(o)-^/(o)| 



< C 



£ e -^-#*i (1 + |»|) + (£^1 + 1 + A(/)) i+d e-t*i 
ier]v\A 



e 2 



and £ ierW e ~ An< (l + |i|) < E^\Ae" A " l (l + |»|) < oo, whence (4.7) 
follows. Combining (4.11) and (4.6), one has 



(4.12) 



|P t2 /(0)-P tl /(0)| <C(A,6,A(f))e 



Step 2: Proving that lim t _>oo Ptf{x) = £(f) for all 

It suffices to prove that the above limit is true for every x in one ball 
Br,p- By triangle inequality, one has 

\Ptf(x) - £(f)\ < \Ptf(x) - P t N f(x)\ + \P t N f{x) - P t N f(0)\ 

" >} + \P t N f(0) - Ptf(0)\ + \Ptf(0) - £(f)\ 

By (4.12), 

(4-14) |P t /(0)-^(/)|<Ce-^|||/|||, 

where C = C(A,S,A(f)) > 0. By Theorem 2.3, V t > 0, 3 N(t,R,p) G N 
such that as N > N(t, R, p) 



\P t f(x)-P t N f(x)\<e 



(4.15) 



P t N f(0)-P t f(0)\<e-^T 



By an argument similar as in (4.8)-(4.10), we have 
(4.16) 

\p t N f(x)-p t N f(o)\<Y,mp t N f\\\x i \ 



e 2 



<C (BH{ + l + k(f)) p+d e- 5t + Yl e- An *- M (l + \i\ p ) Ill/H 

ier N \A 

<C (B 2 t 2 + l + A(f)) p+d e-&+ ^2 e- Ani -^\l + \i\ p ) 

ier N \A 

Collecting (4.13)-(4.16), we immediately conclude Step 2. 
Step 3: Proof of the existence of ergodic measure \x and (2.5). 



From step 2, for each / G T> 2 , there exists a constant £(f) such that 

lim P t f(x) = £(f) 

t— >oo 
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for all x € IB . It is easy to see that t is a linear functional on T> 2 , since IB is 
locally compact (under the product topology), there exists some unsigned 
Radon measure /j, supported on IB such that //(/) = £(f) for all / £ T> 2 . By 
the fact that Ptl(x) = 1 for all x £ B and t > 0, fi is a probability measure. 

On the other hand, since Ptf(x) = P^5 x (f) and lim^oo Ptf = //(/), we 
have PtS x — > /x weakly and \i is strongly mixing. Moreover, by (4.13)-(4.16), 
we immediately have 

\Ptf(x) - < C(A<5,x,A(/))e-^|||/|||, 

recall that < A < 1/4 in 2 of Lemma 3.2 and take ^4 = 1/4 in the above 
inequality, we immediately conclude the proof of (2.5). □ 

5. Appendix 

In this section, we shall prove (1) of Proposition 3.1, i.e. the existence 
and uniqueness of strong solutions of (3.1). To this end, we first need to 
introduce Skorohod's topology and a tightness criterion as follows. 

Definition 5.1 (Skorohod's topology ([10], page 29)). Given any T > 0, let 
£>([0,T];R rjv ) be the collection of the functions from [0, T] to R Tn which 
are right continuous and have left limit. The Skorohod topology is given by 
the following metric d 

d(f,g) = inf{||/ o A - g\\oo V ||A - e||oo} 

AgA 

where A is the set of the strictly increasing functions mapping [0, T] onto 
itself such that both A and its inverse are continuous, and e is the identity 
map on [0, T]. 

In order to prove the tightness of probability measures on D([0,T];M r ^), 
we define 

v f (t,S) =sup{|/(ti)-/(t 2 )|;ii,t2 € [0,T]n{t-S,t + 5)}, 
w f (5) = sup{min(|/(t) - \f(t 2 ) - /(i)|);ii < t < t 2 < T, t 2 - h < 5}. 

The following theorem can be found in [10] (page 29) or [ ]. Roughly 
speaking, the statement (1) below means that most of the paths are uni- 
formly bounded, while (2) rules out the paths which have large oscillation 
in a short time interval. 

Theorem 5.2. The sequence of probability measures {P n } is tight in the 
above Skorohod's topology if 

(1) For each e > 0, there exists c > such that 

Pn{f: H/lloo >c} <£, Vn. 

(2) For each e > 0, there exists some 5 with < 5 < T and some integer 
uq such that as n > uq 

P n {f;w f (S)> V }<e, 

and 

Pn{f;v f (0,5)> V }<e,P n {f;v f (T,6)> V }<e. 
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Proof of (1) of Proposition 3.1. For the notational convenience, if no 
confusion can arise, we shall drop the index N of the quantities and simply 
write all the equations and estimates in the vector form. To understand the 
idea, one can take all vectors as scalars. The | • | means the absolute value 
of vectors, i.e. for any x G M Fn , \x\ = J2ier N 



(5.1 



From the above, the equation (3.2) can be written in vector form by 

idX(t) = J(X{t))dt + I(X{t))dt + dZ(t), 
\X(Q) = x. 



Recall the assumption Jj(0) = for all i G Tn in (2.4), we can rewrite the 
above equation by 

(5.2) dX(t) = J ^,^ X(t)dt + I{X{t))dt + dZ{t). 

X[t) 

where J ^x{t)^ = ^ Q g{ j^Ttp ' ^ e ^n} is a diagonal matrix. By Jl ^^ < 
for all i G Tn, the term J ^(t) > X(t)dt in the above equation will drive 
X(t) to zero. By the Lipschitz property of I, the equation (5.2) without 
J X(t) X{P)dt has a unique solution. Combining these two points together, 
we expect that (5.2) has a unique solution. Let us make the above heuristic 
observation rigorous as follows. 

Define X^°\t) = x and, for n > 0, X^ n+1 ^ satisfies the following equation 

(5.3) dX {n+1 \t) = J ^l"^ )) X^ n+l \t)dt + J(X( n+1 )(t))dt + dZ{t). 
Set 

Thanks to < {i G Tjy), by the classical Picard iteration, (noticing 

that the stochastic term in (5.4) plays no role in the convergence of the 
iteration), we have 

(5-4) 

X( n+ ^(t) (s,t)x + [ £ ( - n \s,t)I(X( n+1 1(s))ds+ [ £^(s,t)dZ(s). 



Step 1: Existence and Uniqueness under the tightness assumption. We shall 
prove that the laws {P^} of {(X^(t)) o<t<r}, which are inductively de- 
fined by (5.4), are tight under the Skorohod topology on D([0, T]; M rjv ) 
in step 2. With this tightness, one has some probability measure P on 
£>([0,T];M rjv ) and some subsequence of {n}, still denoting it by {n} for 
notational simplicity, such that 

P (n) P weakly as n — > oo. 
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By Skorohod embedding Theorem (see [20] for the Brownian motion case 
and [26], [31] for more general processes), we have some probability space 
(CI, F, Ft, P x ), together with some random variable sequence {X^} andX, 
(note that the here are not necessary the same as in (5.4)), satisfying 

• Under ¥ x , X^ have probability P^ and X has probability P. 

• X^ -> X as n — > oo under Skorohod's topology. 

From the first property above, one can see that X( n+1 ) satisfies (5.3) and 
(5.4). More precisely, 

(5-5) 

X^ l+l \t) = S (n \s,t)x+ [ £^(s,t)I(X^ n+1 \s))ds + [ £^(s,t)dZ^ +1 \s) 

Jo Jo 

= £ (n \s,t)x + [ £^(s,t)I(X^ n+1 \s))ds 
Jo 

+ z^\t) + jf z^Hs)^\ s ,ty^^lds. 

where Z^ n+1 ^ is a symmetric a-stable process depends on X^ n+l \ Since, by 
Doob's martingale inequality and the a-stable property, one has 

E x sup \Z^ n+1 \s)\ < oo, E x \Z^ n+1 \ Sl ) - Z^ n+l \s 2 )\ < \ S1 - sal 1 ^, 

0<s<t 

by the tightness criterion Theorem 5.2 and Skorohod embedding theorem 
again, we have some subsequence {n^} of {n} so that Z^ nk ^ — > Z, where the 
Z is some |r7v|-dimensional standard symmetric a-stable processes. 

Sending n& — > oo, by continuity of J and /, X satisfies the equation (5.5) 
with X^ and X^ n+1 ^ therein both replaced by X. Hence, X solves (5.1) 
in the mild solution sense. Since (5.1) is a finite dimensional dynamics, by 
differentiating t on the both side of this mild solution, we have that X(t) 
satisfies (5.1), which is equivalent to 

(5.6) X{t) = x+ f [J(X(s)) + I(X(s))}ds + Z(t). 

Jo 

So the equation (5.1) at least has a weak solution, i.e. there exists a random 
variable X(t) and a standard [Tat [-dimensional symmetric a-stable process 
Z(t) on (O, F, .Ft, Pe) satisfying (5.6). 

Suppose that there exists another weak solution Y on (0,F, Fi,P x ). One 
can see that Y(t) — X(t) satisfies the following equation 

(5.7) j t {X(t) - Y[t)) = J(X(t)) - J(Y(t)) + I(X(t)) - I(Y(t)) 

withy(0)-X(0) = 0. By Assumption 2.2, one has (J(x)-J(y))-(x-y) < 0, 
and thus from the above differential equation one obtains 

\X(t) - Y(t)\ 2 < C(N) [ \X(s) - Y(s)\ 2 ds 

Jo 

which immediately implies X(t) — Y(t) = for all t > 0. This pathwise 
uniqueness implies that X(t) is the unique mild solution of (5.1) (Chapter 
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V.3 of [29], [7]). 

Step 2 : Tightness of 'pW . Recall that be the probability of (X^ (t))o<t<r- 
In order to prove that P (n) is tight in D([0, T];M. Fn ), by Theorem 5.2, it suf- 
fices to prove the following two inequalities: for any n G N, 



(5.8) 



E sup \X^{t)\ < e CT (\x\ + C{N)T 1 / C 

0<t<T 



(5.9) E[|xW(ti)-XW(t 2 )|] < CdxI.T,^)!*! -* 2 | 5 V0<ti,t 2 <T. 
with 5 = <y(i, J) > 0. 

By (5.4), triangle inequality and the Lipschitz condition of I (w.l.o.g. 
assume 1(0) = 0), one has 



E sup |x( n+1 )(s)| < \x\ + C / E sup |x( n+1 )(r)|(is + E 



0<s<t 



0<r<s 



t f t J(xW(r)) , 







moreover, by the same argument as in (3.12), 



(5.10) 
Hence, 



E 



£ in \s,t)dZ{i 



< C(iV)i 1/a 



E sup \X (n+1) {s)\ < \x\ + C f E sup \X {n+1) {r)\ds + C(N)T 1/c 

0<s<t JO 0<r<s 

which easily implies (5.8). 

Now we prove (5.9). By triangle inequality, we have 

|X< n+1 >(i 2 )-X< n+1) (ti)| < |(^( n )(0,t 2 )-fW(0,t 1 ))x| 



+ 



(5.11) 



t-2 



£^\s,t 2 )I(X ( - n+1 \s))ds- / £- (n) (s,ti)/(x( n+1 )(s))d 



t-2 



- I £( n \s,t 2 )dZ{s) - 
At(t) + A 2 {t) + A 3 (t) 



£- (n) (s,ti)dZ(s) 



where A\(t), A 2 (t), A 3 (t) denote in order the three terms on the r.h.s. of the 
inequality, and they can be estimated by the same argument. We shall show 
this argument by A3 (which, among the three terms, is the most difficult 
one) as follows. 



By integration by part formula, one has 

"* 2 J(X {n) (s)) 



(5.12) 



A 3 < \Z(t 2 ) - Z( tl )\ + I J 2 Z(s)8^{sM) J -^ 



»)(*) 



ds 



EXISTENCE AND EXPONENTIAL MIXING 



25 



By the a-stable property of Z(t), one has E[|Z(t 2 ) - Z(ti)\] < C\t 2 - 
For the second term on the r.h.s. of the inequality, we have 



(5.13) 



£ Z(s)S^(s,t 2 ) ^^- ds - £ Z{s)S^(sM) 



J{X^ n \s)) 



ds 



+ rz( S )fW(Mi)(f w (ti,t2)-i) 

Jo 

= H 1 + H 2 



ds 



where Hi and H 2 denote the two terms on the r.h.s. of the inequality. As for 
Hi, by Holder's inequality (with 1 < /3 < a) and the relation d£^ n \s,t) = 



J(X(")(s)) 



E 



X(»)(s) 

t2 
tl 

< E 



ds, we have 



su P |Z( g )||/V>M 2 ) f- J( , X( " )(5)) U 



tl<s<<2 



tl 



X(")(s) 



(5.14) 



E 



<C(J3,T)< 

= C(J3,T){e fW( tlj t 2 )_i 



0-1 



0-1 



/9-1 



To estimate the expectation in the last line, we split the sample space Q 
into two pieces 



Qi = <j oo; 



"*» J(Jf( fl )) 



and easily get 
E 



(|£(")(t 1 ,t 2 )-l|l fil )' ? ~ 1 ^ E Qf 



x r*2 ■/(*(*)) 



(is 



* 2 Wf)) 



ds 



l ni d\ 



< C(N)\t 2 -*i|T*=iJS. 
As for the piece by its definition and the pigeon ho 



uj € O2, there exists some r € (h,t 2 ) so that 



e principle, for each 
> (h-h)^- 1 , by 



2<; 
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the growth condition of J, we have \X(r, u))\ > \t 2 — t±\ ™ , hence 



SI2 C < u) : sup w)| > — ii| 

[ 0<t<T 

By (5.8) and Chebyshev inequality, we have 

P(n 2 ) < C(T,\x\,N)\t 2 -h\^ 

and thus 



E 



n 2 



0-1 



Combining the estimates on £l\ and on Q 2 , we immediately have 

. (a-l)(/i-l) 



E-ffi < C(T,\x\,N,0)\t 2 -U 



By some arguments as in Hi, H 2 can be estimated by 
(5.15) 

41 Z{s)S { - n \s,t 1 )0- ~ ^{hM ^^^ ds 



E 



< E 



sup 

0<s<ti 



tl 



o g (n H»,*i)(- ^^ )(l-g (n) (ti,fa))cfa 



< C(fi,T,N) < E 



V)(, to ( - J(x(w)(g)) ) ds 



^ (n) (ti,i 2 )-l 



/3-1 



(3-1 ' 



<C03,T,iV)|E|fW(ti,t 2 )-l 

, ,s, (c-l)(j3-l) 

<C(T,/3,iV,|x|)|t2-ti| ^ 
Collecting the estimates of EiTi and EiJ 2 j we have 

(c-l)tf-l) 



EA 3 < C(T,P,N,\x\)\t 2 -h 



W1A1 and E^2 have a similar estimates by the same arguments. Finally, 
by (5.11), we have some positive constant 5 > so that 

E|x("+ 1 )(t 2 )-X("+ 1 )(t 1 )| < C(T, 0,JV,|s|)|t2 

This concludes the proof of (5.9). □ 
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